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Abstract

The main objective of this thesis is to examine the unsteady two-dimensional
nanofluid flow over a vertical stretching permeable surface in the presence of an
inclined magnetic field and non-uniform heat source/sink with Joule heating, vis-
cous dissipation and porous medium. Four different types of nanoparticles, namely
silver Ag, copper C'u, alumina Al,Os, and Titania Ti0,, are considered by using
water as a base fluid with the Prandtl number. The governing partial differential
equations are transformed to coupled non-linear ordinary differential equations
by appropriate similarity transformation. Furthermore, the similarity equations
are solved numerically by using the fourth-order Runge-Kutta integration scheme
shooting method. A comparison of obtained numerical results is made with pre-
viously published results in some special cases, and excellent agreement is noted.
Numerical results for velocity and temperature profiles and for various nanoparti-

cles are discussed for various values of physical parameters.
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Chapter 1

Introduction

The analysis of hydrodynamic flow and heat transfer over a stretching sheet
has gained substantial attention owing to its extensive applications in indus-
try and its influence to some technological processes. Sakiadis [1] laid foundation
for such a problem by exploring the boundary layer fluid flow over a steady solid
surface moving with a constant velocity. The study of thermal reaction was in-
vestigated by Erickson et al. [2] and analytically manifested by Tsou et al. [3].
Cran [4] augmented the work of Sakiadis [1] to the flow caused by an elastic sheet
moving in its own plane with a velocity changing linearly with interval from an es-
tablished point. Afterwords, a number of researchers [5-8] investigated the steady
or unsteady boundary layer flow of Newtonian and non-Newtonian fluids over
linear and nonlinear stretching planes.

The word “nano” anteceds to 1915 in the book “The World of Neglected Di-
mensions” by Oswald [9]. A distinct characteristic of the matter at nano-scale
makes nanotechnology a novel research domain in the twenty-first century. In
the last few decades, scientists and researchers all over the globe made effort to
continuously work on various aspects of nanotechnology. A nanofluid is a fluid in
which solid nanoparticles with length scales of 1-100 nm are contained in a basic
heat transfer fluid. Thermal conductivity is strengthened by these nanoarticlesis
and the base fluid’s convective heat transfer coefficient considerably [10-12]. Oil,

ethylene glycol, and water mixtures, for example, are poor heat transfer fluids
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because their thermal conductivity affects the heat transfer coefficient between
the heat transfer surface and the heat transfer medium. In 1995, Choi [13] came
forth as a first person who used the term “nanofluid” to represent a fluid contain-
ing nanoparticles. Choi et al. [14] described that the addition of a mini amount
(less than 1 percent by volume) of nanoparticles to conventional heat transfer lig-
uids enlarged the thermal conductivity of the fluid up to two times approximately.
Over the past twenty years, many research scholars studied various characteristics
of heat transfer behavior of nanofluid and fluid flow [15-17] and established that

enhanced heat transfer coefficient were attained with nanofluids.

Experimental studies [18, 19] exhibited that even with a minute volumetric frac-
tion of nanoparticles (usually less than 5 percent), with an exceptional improve-
ment in the convective heat transfer coefficient, the thermal conductivity of the
base fluid is enhanced by 10-15 percent.In physics, chemistry, and engineering, the
study of magnetic field effects is crucial. Many industrial types of equipment, such
as the magneto hydrodynamic (MHD) generator, pumps, bearings, and bound-
ary layer control, are affected by the interaction between the electrically conduct-
ing fluid and a magnetic field. Many researchers have recently investigated the
impact of electrically conducting nanofluids in the presence of magnetic fields.
Physics, chemistry, biomedical engineering, biosciences, and nuclear power plants

all benefit from these investigations.

The unstable magnetic nanofluid behaviour of boundary layers along stationary
or moving stretched permeable surfaces are one of the most fundamental and
essential issues in this field. Daniel et al. [20] discussed the effects of twofold
stratification on unsteady electrical MHD mixed convection nanofluid flow with

viscous dissipation and Joule heating.

The flow of a nanofluid over an inclined vertical porous plate with radiation and
heat generation/absorption was examined using MHD heat and mass transfer by
Reddy et al. [21]. Prabhavathi et al. [22] and Sreedevi et al. [23] investi-
gated the flow of MHD boundary layer heat and mass transfer around a vertical
cone embedded in porous media filled with nanofluid. Hayat et al. [24] pro-

vided a numerical simulation of melting heat transfer and radiation effects in a
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carbon-water nanofluid stagnation point flow. All of these investigations were fo-
cused on Newtonian fluid flows, whereas only the MHD non-Newtonian nanofluid
flow caused by a stretched sheet was investigated by Madhu et al. [25], Hayat
et al. [26], and Hsiao [27]. Eldabe and Abou-Zeid [28] developed a homotopy per-
turbation approach for MHD pulsatile non-Newtonian nanofluid flow with heat
transfer via a non-Darcy porous medium with heat transfer through a non-Darcy
porous medium. Sreedevi et al. [29] studied the effects of thermal radiation, chem-
ical reaction and mass transmission of nanofluid through a linear and non-linear
stretching surface. The same scientists recently performed magneto-hydrodynamic
heat and mass transfer study of single and multi-wall carbon nanotubes along
a vertical cone with convection [30]. Jyothi et al. [31] investigated the effect
of a magnetic field and thermal radiation on the convective flow of SWCNTs-

water and MWCNTs-water nanofluid between spinning stretchable discs under
convective boundary conditions. The activation energy of a nanofluid flow in the
presence of a chemical reaction and convective boundary conditions was inves-
tigated by Zeeshan et al. [32]. In the light of aforementioned investigations, it

is clear that not a attempts has been made to explore inclined magnetohydrody-
namic nanofluid transport with non-uniform heat source/sink, to the best of the
authors’ knowledge. The purpose of this research is to investigate the effects of
nanoparticles on the heat transfer properties of a permeable unstable stretched
sheet. In addition, the extra effects of a non-uniform heat source/sink and an
inclined magnetic field are taken into account in this model. In the present study,
the nanofluid model proposed by Tiwari and Das [33] was used, as this model
successfully applied in several papers [34-36]. The governing partial differential
equations are reduced to ordinary differential equations using an appropriate simi-
larity transformation, and then numerically solved using the fourth-order Runge-
Kutta integration scheme and the shooting method with the help of symbolic
computational software MATLAB. In several situations, the derived numerical
findings are compared to previously published data [37-39], and there is excellent
agreement. The results are visually displayed, and the physical components of the
problem are explored. The skin friction coefficient and the local Nusselt number

at the stretched surface are also provided and explained in tabular form.
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1.1 Thesis Contribution

In this thesis, a detailed review of Elgazery [40] is conducted and the results have
been imitated by considering the additional effects of viscous dissipation, Joule’s

heating and porous medium.

1.2 Thesis Outline

A brief overview of the content of the thesis is provided as:

In Chapter 2, we explain few basic definitions and terminologies. Furthermore,
some basic laws and dimensionless physical parameters are also included.

In Chapter 3 Elgazery [40], which considers a 2-dimensional unstable stretched
surface with non-uniform heat source/sink in the presence of an angled magnetic
field, is reviewed in detail.

In Chapter 4, we extend the model given in Elgazery [40] by considering the
additional impact of viscous dissipation, Joule’s heating and porous medium fluid
in the momentum and energy equation. The obtained system of dimensionless
ODEs is solved numerically by shooting method. The behavior of different phys-
ical parameters is explained through tables and graphs.

In Chapter 5, we recapitulate the thesis and give the conclusion from the whole
work.

All the references used in this research work are listed in Bibliography.



Chapter 2

Basic Definitions and Governing

Equations

This chapter addresses some basic concepts, definitions and governing laws re-
lated to the fluid dynamics. Dimensionless quantities are also discussed which
seem to be helpful in the subsequent chapters. Moreover, a brief discussion has been
done for the numerical methodology adopted for the solution of governing equa-
tions. A simple two-dimensional Poisson problem is also solved here to explain

the numerical procedure for the achievement of results.

2.1 Basic Definitions

This section covers some fundamental fluid dynamics definitions. These concepts
are used to describe the flow, heat transfer and influence of thermophysical prop-
erties that are used in next chapter.

Definition 2.1.1. (Fluid)

“Fluid is a substance that shows continuous deformation under the effect of shear

stress.” [41]

Definition 2.1.2. (Fluid Mechanics)

“Fluid mechanics is the study of fluids either in motion or at rest.” [41]
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Definition 2.1.3. (Fluid Statics)
“Fluid statics is that branch of fluid dynamics which focuses on the study of fluids

at rest.” [41]

Definition 2.1.4. (Fluid Dynamics)
“The branch of fluid mechanics that is concerned with motion of fluids from one

place to another.” [41]

Definition 2.1.5. (Pressure)
“The continuous physical force exerted on the unit area of surface is said to be

pressure. It is expressed by P and mathematically, it can be written as

F

pP=_
A?

where F' and A denote the applied physical force and area of the surface.” [42]

Definition 2.1.6. (Density)
“Density is defined as mass per unit volume. It is represented by Greek letter p

and mathematically, it is defined as
_m
p - V,

where m and V' are the mass and volume of the substance, respectively.”[42]

Definition 2.1.7. (Viscosity)

“Viscosity of a fluid is defined as the measure of resistance to steady distortion

by shear/tensile stress. A notation used for viscosity is 1 and its mathematical

expression is,
Shear stress

Viscosit =
y(r) Rate of shear strain’

where 1 is called the coefficient of absolute viscosity /dynamics viscosity or simple

M
viscosity. The dimension of viscosity is [ﬁ] 7 [42]

Definition 2.1.8. (Kinematic Viscosity)

“It is defined as the ratio of the dynamic viscosity p to the density p of the
fluid. It is also referred as momentum diffusivity. It is denoted by Greek letter v.

Mathematically,



Preliminaries 7

2
m

In ST system of units the unit of kinematic viscosity is — and dimension is
5

(L2T-1].7[42]

Definition 2.1.9. (Nanofluids)

“The nanofluid is defined as the homogeneous mixture of the base fluid and
nanoparticles. The nanoparticles used in nanofluids are typically made of met-

als, oxides, copper, carbides or carbon nanotubes.” [42]

2.2 Classification of Fluids

Fluids are basically divided into two main classes. These classes can be defined as
follows.

Definition 2.2.1. (Compressible and Incompressible Fluids)

“A flow is incompressible in which the density remains constant within the fluid.
Therefore, the volume of every portion of the fluid remain unchanged. Mathemat-
ically, & 0
Dt 7

D

+; 1s the material derivative. Mathematically,

where, p is the fluids density and

material derivative is given by

D 0

— =—=—4V. 2.1

Dt Y 21)
In (2.1),V indicates the fluid’s velocity and V is the differential operator. In

Cartesian coordinate system V can be written as

the flow is known to be incompressible if the fluid’s density remains constant.

Liquids are treated as incompressible.” [43]

Definition 2.2.2. (Newtonian and Non-Newtonian Fluids)

“The fluids, which fulfill Newton’s law of viscosity are known as Newtonian fluid.

Newton’s law is described mathematically as follows;
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Tyz = ,u(;l_z)? (2‘2)

where 7, is the shear stress and p is called the constant of proportionality. The
most common example of Newtonian fluids is water. Those fluids, which do not
obey the Newton’s law of viscosity are known as non-Newtonian fluids. For Non-

Newtonian fluids,
du

Tyz = k(%)nv (23)

where n # 1 is flow behavior index. For n = 1 with k = p, the above equation re-
duce to the Newton’s law of viscosity. Paints, blood, biological fluids and polymer

melts, are good examples of non-Newtonian fluids.” [43]

Definition 2.2.3. (Real Fluid)
“The fluids, which have non-zero viscosity are called real fluids. These fluids may
be compressible or in-compressible. It depends upon the relationship between the

shear stress and rate of shear strain.” [43]

Definition 2.2.4. (Flow)
“It is the deformation of material under the influence of different forces. If this

deformation increase continuously without any limit, then this process is known

as flow.”[43]

2.3 Types of Flows

Following are different types of fluid’s flow depending upon its physics and status

of channel.

Definition 2.3.1. (Uniform and Non-Uniform Flows)

“The flow, in which magnitude as well as the direction of the fluid velocity is the
same at each points of the flow. In case of non-uniform flow, the velocity is not

same at each point of the flow at any given instant.” [43]

Definition 2.3.2. (Steady and Unsteady Flows)
“Fluid flows can be classified as steady or unsteady on the basis of fluid properties.

The flow is said to be steady, if the fluid properties such as velocity and density
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do not vary with time. Water flow with consistent release through a pipeline is an

example of steady flow. Mathematically,
0B
E

where B denotes any fluid property. On the other hand flow in which fluid proper-

ties change with time is known as unsteady flow. Water flow with varying release

through a pipe is an example of unsteady flow. Mathematically, In this case,[43]
0B
. 0'77
ot 7

Definition 2.3.3. (Laminar and Turbulent Flows)

“A flow in which the particles of the fluid have specific path and individual particle
does not intersect each other is known as laminar flow. In such flow, the particles
move along well-defined path. The flow in which fluid particles have no specific

paths and they move randomly is called turbulent flow.” [43]

Definition 2.3.4. (Internal Flow)

“Internal flows are those where fluids flow through confined spaces, e.g., flow in

pipe.” [43]

Definition 2.3.5. (External Flow)
“The flow which is not confined by the solid surface, is known as external flow.

The flow of water in the river is an example of the external flow.” [43]

2.4 Mechanism of Heat Transfer

Heat is an important form of energy. It always transfers from hot region to cold
region with or without the involvement of material medium. The ways through
which it transfers from one body to another body are called “modes of heat trans-
fer 7. The common means for heat transfer are conduction, convection and radia-

tion.These can be defined as given below:

Definition 2.4.1. (Conduction)

“Due to collision of molecules in contact form, heat is transferred from one objects
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to another objects is called conduction. Such types of heat transfer occurs in the
solid.” [42]

For examples:

Picking up a hot cup of tea,

When a car is started, the engine heats up,

Conduction can be seen in a radiator.

Definition 2.4.2. (Convection)
“It is a mechanism in which heat transfer occurs due to the motion of molecules
within the fluid such as air and water. A mathematical expression for convection
phenomena is

qg=hA(T; — T), (2.4)
where h, A, T, and T, denote the heat transfer coefficient, the area, the tem-
perature of the surface and the temperature away from the surface respectively.
Further, it is subdivided into the following three categories.”[42] For examples:
Macaroni rising and falling in a pot of boiling water,
I'm drinking a steaming cup of tea. The steam demonstrates heat transfer into

the atmosphere.

Definition 2.4.3. (Natural Convection)

“It is the process, in which heat transfer is caused by the temperature differences.
It effects the density of the fluids and the fluid motion is not developed by an
external source. It occurs only in the presence of gravitational force and also
known as free convection.” [42]

For examples:

e Sea breeze: This occurrence happens during the day. The light warms both
the sea and the land,

e Land Breeze: This occurrence happens during the night when the situation

reverses.

Definition 2.4.4. (Forced Convection)
“It is a type of heat transfer in which an external source is used to produce motion

of the fluid. e.g. fan or a pump.”[42]
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For example on a hot summer day, using water heaters or geysers for quick water

heating and using a fan.

Definition 2.4.5. (Mixed Convection)

“It is the combination of both forced convection and natural convection and both
occur simultaneously.” [42]

For example on a heated plate, a fan blows upward. Because heat rises naturally,

The heat transfer is aided by the air being forced upward over the plate.

Definition 2.4.6. (Radiation)

“In radiation process, heat is transferred through electromagnetic rays and waves.
It takes place in liquids and gasses.

An example of radiation would be atmosphere, the atmosphere is heated by the
radiation of the sun.”[42]

For examples:

Your stereo’s sound waves,

A microwave oven produces microwaves,

Your cell phone emits electromagnetic radiation.

Definition 2.4.7. (Thermal Conductivity)
“It is the property of a substance which measures the ability to transfer heat.
Fourier’s law of conduction which relates the flow rate of heat by conduction to

the temperature gradient is

dQ ar

X kA

dt dx’

dr .. .
where A, k, Ir and o are the area, the thermal conductivity, the gradient and
x
K

the rate of heat transfer, respectively. The SI unit of thermal conductivity is m

ML
and the dimension of thermal conductivity is {F] U [42]

Definition 2.4.8. (Thermal Diffusivity)

“The ratio of the unsteady heat conduction k, of a substance to the product of
specific heat capacity C), and density p is called thermal diffusivity. It quantify
the ability of a substance to transfer heat rather to store it. Mathematically, it

can be written as
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k

o= —,
pCyp
The unit and dimension of thermal diffusivity in SI system are m?s~! and [LT ]

respectively.” [42]

Definition 2.4.9. (Joule Heating)
“It is the procedure in which heat is generated by passing an electric current

through a conductor. It is also known as ohmic heating and resistive heating.” [42]

Definition 2.4.10. (Viscous Dissipation)
“In viscous fluid flow, the viscosity of the fluid will take energy from the kinetic
energy and transform it into internal energy of the fluids. This process is called

viscous dissipation.”[42]

Definition 2.4.11. (Thermal Radiation)
“The ejection of electromagnetic waves from the matters that have temperature
higher than absolute zero is called thermal radiation.” [42]

For example: Daily weather

Definition 2.4.12. (Porous Medium)

“A material containing the pores in it is called porous material or a porous medium.
Pores are usually filled with fluid, i.e., liquid or gases. A porous medium is often
considered by its porosity.

Many natural materials such as soil, rocks (e.g., aquifers, petroleum, zeo-lites),
biological tissues (e.g., wood, bones, cork) and hand made substances such as

ceramics and cements can be characterized as porous media.” [42]

2.5 Dimensionless Numbers

In this section we will define some dimensionless numbers which are of significant

importance for the problems discussed in chapter 3 and chapter 4.

Definition 2.5.1. (Reynolds Number)

“It is the ratio of inertial forces to viscous forces. The behavior of the different
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kinds of flow will be identify like laminar or turbulent flow. Mathematically,

it LU
Re= L, -~  Re=—""
L2 v

where U denotes the free stream velocity, L is the characteristics length and p

stands for kinematic viscosity.” [44]

Definition 2.5.2. (Prandtl Number)
“The ratio of kinematic diffusivity to heat diffusivity is said to be prandtle number.
It is denoted by P.. Mathematically it can be written as

Gy

= :
kp

@|?r|b =

where © and o denote the momentum diffusivity or kinetic diffusivity and thermal
diffusivity respectively. Here C), denotes the specific heat and k stands for thermal
conductivity. The Prandtl number named after the German physicist Ludwig

Prandtl is used characteristics the regime of convection. ”[44]

Definition 2.5.3. (Nusselt Number)
“It is the relationship between the convective to the conductive heat transfer
through the boundary of the surface. It is a dimensionless number which was
first introduced by the German mathematician Nusselt. Mathematically, it is de-
fined as: v hL

w=
where h stands for convective heat transfer, L stands for characteristics length and
k stands for thermal conductivity. A large Nusselt number means very efficient.
For example turbulent pipe flow yields No of order 100 to 1000 and Nusselt number

of value one represent heat transfer by pure conduction.” [44]

Definition 2.5.4. (Schmidt Number)

“Schmidt number (S,) is a dimensionless number after Ernst Wilhelm Schmidt
and characterized as the proportion of momentum diffusivity (viscosity) to mass
diffusivity and is utilized to describe fluid flows in which there are simultaneous

momentum and mass diffusion convection.” [44]
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Definition 2.5.5. (Eckert Number)
“It is the proportion of the kinetic energy dissipated in the flow to the thermal

energy conducted into or away from the fluid.” [44]

Definition 2.5.6. (Skin Friction Coefficient)
“Skin friction coefficient represents the value of friction which occurs when fluid

moves across the surface. Mathematically

where T, is the shear stress at the wall, p the density and U, the free-stream

velocity.” [44]

Definition 2.5.7. (Darcy Number)
“The Darcy number D, represents the effect of the permeability of medium ac-

cording to its cross sectional area

where x shows the permeability of porus medium and H is the length of prescribed
geometry. It was first introduced by Henry Darcy. It is transformed by the non

dimensionalizing the differential form of Darcy’s law.” [44]

2.6 Continuity Equation

“Continuity equation is derived from the law of conservation of mass and

mathematically [45], it is expressed by

dp
(V) = 9.

where t is the time. If fluid is an incompressible then the continuity equation is
expressed by
V.V =0" (2.6)
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2.7 Law of Conservation of Momentum

“Each particle of fluid obeys Newtons second law of motion which is at rest or
in steady state or accelerated motion. This law states that the combination of
all applied external forces acting on a body is equal to the time rate of change

of linear momentum of the body. In vector notation this law can be written as [46]

pd—‘t/ = div7 + pb, (2.7)

for Navier-Stokes equation
7= —pl + pA, (2.8)

where A; is the tensor and first time it was produced by Rivlin-Erickson.

Ay = gradV + (gradV)’, (2.9)

d
In the above equations, o7 denote material time derivative or total derivative, p de-
note density, V' denote velocity field, 7 the Cauchy stress tensor, b the body forces,
p the pressure, p the dynamic viscosity. The Cauchy stress tensor is expressed in

the matrix form

Ozz Tyz Tz
T = Ta:y o'yy sz y (2.10)
Tez Tyz Ozz
where 0,,, 0, and o0, are normal stresses, others wise the shear stresses. For

two-dimensional flow, we have V' = [u(z,y,0),v(z,y,0),0] and thus

Ju du
ox Oy
gradV = | g & 0, (2.11)

0 0 0
ou ou  Ou 19p *u  0*u
— — — = — 4+ — 2.12
8t+u0$+vﬁy p Oz U(8x2+8y2)’ (2.12)

Similarly, we repeat the above process for Y component as follows:

ou  Ou  Ou 19p Pu  0%u
— — — = ——— — 4+ =] 2.13
8t+u8x+1}8y p8y+v(8x2+8y2 (2.13)
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2.8 Law of Conservation of Energy

“The law of conservation of energy states that the time rate of change of the total
energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time.

0
a—i—i—V.puz—V.q—i—Q—Hﬁ

where ¢ is a dissipation function.” [45]

2.9 Solution Methodology

Shooting method [35] is used to solve the higher order nonlinear ordinary differen-
tial equations. To implement this technique, first convert the higher order ODEs
to the system of first order ODEs. In the shooting method, first we assume the
missing initial conditions and the differential equations are then integrated nu-
merically through Runge-Kutta method as an initial value problem. The accuracy
of the assumed missing initial condition is then checked by comparing the calcu-
lated values of the dependent variables at the terminal point with their given value
there. If the boundary conditions are not fulfilled upto the required accuracy, with
the new set of initial conditions, which are modified by Newton’s method. The
method is repeated again until the required accuracy is achieved. To explain the

shooting method, we consider a general second order boundary value problem,

y' = fz,y,y (2)), (2.14)
subject to the boundary conditions

y(0) =0, y(L) = A, (2.15)

By denoting y by 4 and y; by v2, Eq. (2.14) can be written in the form of following

system of first order equations

yi=v2  1(0)=0, yo=f(lz, ), wi(l)=A (2.16)
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Denote the missing initial condition y5(0) by s, to have

yi=v2  9(0)=0, yo=f(x,yye), 1(0)=s. (2.17)

Now the problem is to find s such that the solution of the IVP (2.17) satiates the
boundary condition y(L) = A.

In other words, if the solutions of the initial value problem (2.17) are denoted by
y1(x, s) and y(z, s), one should search for that value of s which is an approximate

root the equation.

yi(L,s) — A= ¢(s) =0, (2.18)

To find an approximate root of the Eq. (2.18) by the Newton’s method, the

iteration formula is given by

_ ¢(sn) _
Sni1 = Sn 05(s)” n=20,1,23, ... (2.19)
ds
o nilLyse) A
Spil = Sn InLs) (2.20)
ds

To find the derivative of y; with respect of s, differentiate (2.17) with respect to
s. For simplification, use the following notations

dy, dys
. L 2 = 2.21
dS Y3, dS Yy, ( )

This process results in the following IVP.

, ;0 0
Y3 = Ya, 93(0) =0, Yy = 8—;1@;3 + a—nyyAL, y4(0) =1, (2.22)

Now, solving the IVP Eq. (2.22), the value of y3 at L can be computed. This
value is actually the derivative of y; with respect to s computed at L. Setting the
value of y5(L, s) in Eq. (2.20), the modified value of s can be achieved. This new
value of s is used to solve the Eq. (2.17) and the process is repeated until the

value of s is within a described degree of accuracy.



Chapter 3

Study of Nanofluid Flow over a
Stretching Sheet with Inclined
Magnetic Field and Non-Uniform
Heat Source/Sink

3.1 Introduction

A detailed review of the work done by Elgazery [40] is presented here. The flow of
nanofluids over a permeable unstable stretched surface with a non uniform heat

source/sink in the presence of a magnetic field has been studied in this chapter.

Transformations of similarity are used to reduce the partial differential equation
that governs into set of non-linear ordinary differential equation. These equations
are then numerically solved using the shooting method, followed by the RK-4 and
Newton methods using the MATLAB tool.

Finally, the numerical outcomes are discussed for different physical parameters
causing impact on the heat. Graphs are represented to show the physical signifi-

cance of distinct dimensionless quantities.

18
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3.2 Mathematical Modeling

In this chapter, we suppose that the boundary layer flow is unsteady, laminar,
incompressible, two-dimensional, and electrically conducting owing to a perme-
able stretching sheet that is vertical in the x direction. The flow is subjected to
a uniform inclined magnetic field By [47]. Along the x-axis, the application of
an inclined magnetic field with an acute angle . The created magnetic field and
viscous dissipation are also expected to have minimal effects. Convectional heat
transfer is taken into consideration. The sheet’s linear stretching as it moves in

its own plane at the surface velocity creates the flow.

xa
1l—ct’

Uy (z,t) =

where the constants a and ¢ are both positive having dimension ¢! with ¢t < 1
and ¢ > 0 [48].

T, (x,t) is the temperature at the sheet surface as a function of distance = and

0 y
FI1GURE 3.1: The coordinate system and physical model
time ¢, and its temperature T, is higher than that of the surrounding fluid. Ther-

mal equilibrium is also expected for the base fluid (water) and the nanoparticles,

with no slide between them [48]. The thermophysical characteristics of water and
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nanoparticles are listed in the table below.
TABLE 3.1: Thermophysical properties of water and nanoparticles
plkg/m?) Cp(j/kgK) k(W/mK) B x107°(K™")
Pure water 997.1 4179 0.613
Copper(Cu) 8933 385 401
Silver(Ag) 10500 235 429
Alumina(Al,O3) 3970 765 40
Titanium oxide(703) 4250 686.2 8.9538

3.3 Governing Equations

The current flow and heat transfer for a nanofluid in the presence of an inclined

magnetic field, as well as internal heat generation/absorption due to the Boussi-

nesq approximations, can be described as:

Continuity equation:

ou o0 _,
or oy

Momentum equation:

0 0 0 nf O n n :
ST e R Z +g(p6) LT —Ty) — uBgsufyu
ot~ Ox Oy pay Oy Pnf Pnf
Energy equation:
or  or  or O*T N q’
— Ftu—+rv—=a,
ot ox oy oy T (pCp)y
along with the initial and boundary conditions
ax )
= Uy 7t =7
U = Uy (T, 1) -
avy
= Uw t)=— wH
v = vu(t) Tt
T=Tot " ¢ 0
= 1oo w(z,t)y & =Y,
(T—ctz v Y
u =0, T="T,, as Yy — 00

(3.1)

(3.3)

(3.4)
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where u represents velocity components in the x direction and v represents velocity
components in the y directions. f, > 0 and f,, < 0 are injection and suction
parameters, respectively, while b is constant with a temperature/length dimension.
Assisting and opposing flow is aspect field by the value b > 0 and b < 0 respectively.
The dimension of b is temperature/length, In the absence of buoyancy force, b = 0

denotes the forced convection limit. Whereas vy is the kinematic viscosity of fluid.

3.4 Similarity Transformation

The following similarity variables are used to transform the partial differential

equations into ordinary differential equations [40].

- avy . a
’QD (l’,y,t) - (1 o Ct)xf (77) ) - Vf (1 . Ct)y’
T -T, oy ar
9(77)—m7 u_{?_y—(l—ct)f(n)’
__8_@/}__ avy
v or 1_th(77)-

Some significant derivatives are calculated as follows:

The heat source/sink with non-uniform heat distribution is modeled [49] as

[qm] as follow:

(%) kg [A(Tw_Tm)f#B(T—Too)],

TVUnf
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where A and B are the heat source/sink coefficients that are space and
temperature dependent. Internal heat generation is represented by A > 0
and B > 0, internal heat absorption is represented by A < 0 and B < 0,
respectively.

Continuity equation is trivially satisfied as follows:

o @4—@— a f/—|— . a f/
Ox 8y_1—ct 1—ct” )’

ou Ov )
% ('9y 1-— ctf B ctf ’
Qu v _

or Oy

For the conversion of momentum Egs. (3.2), we proceed as follows:

* STy (1—ct)
= —axf (1 —ct) *(—c) + ax(1 — ct) f”g ( g(1 — ct)_5> n
t Vy
acxf ary . [a 1 _3
A st [ (- ia).
acx f acxy . fa
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T <uf<1a— )!

a2:L' "

- Vf(l—ct)Qf '
ou a , a
e ((1—ct)xf> (1—ctf)
2
T icht)2x (ry
ou avy x a "
”a__( 1—ctf> ((1—@:) (1—ct)f>
ou ra? "
* Yoy T a—ap!l

By using above derivatives, the dimensionless form of the L.H.S of (3.2) becomes:

ou n ou N ou acx Fop ey acxy ey
[ u— ’U— == — 5
ot ox oy (1 —ct)? 2(1 —ct)2 f
a’z o xa® "
(1—Ct)2(f) - (1—Ct)2ff )

Ml gZ e AU YO EXI (OIS | RER)

Likewise the R.H.S is as follow:

mn 82 n n 2 "
fing u+g(f)ﬁ)f(T_Too) fBzusmv_Mf a”x
2
Pnf 8y Pnf Pnf Pnf Vf(l _'Ct)
+ QMH(T —Ty) — Bg sin® T f ;
2 i b n B2 n /

 pagvs(l—ct)? (L—=ct)?pny (1 —ct)pny

From (3.5) and (3.6) we get:

2
a“x Mon f f/// 4 \PP)nf (Pﬁ)nf gbo — Onf BQ<1 _ct)f sin W}

(1 —ct)* | pnsry @ Pns @pns
“U—ar [Cf + —"7f “a(f)? - affﬂ}
C, . n . (pﬁ)nf
= ()P -1 = pnfyf azpny I

_ Inf B2(1 —ct)f sin®~,
QP f
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P s +gf") +(f)? —ff/] gy PP g

Hnf oy a?
2 B2(1 — ct) f sin® 7,
Ay f
e e e (A VOB i sy gy
Hn g Lonf o fnf a2l f
ML B2(1 — et f sin® v = 0,
Afbn g
25
= £ % [((L=0) ps + 0m) vsf 1" = (L= 0) ps + 0py) v (f)?
oy (0=0)(08),+6(08),) gbry
(L= 9)ps+dpp)vps(f +517) + " 0
((1_¢)02+ ¢Up)VfBQ( ct)f sin 7} —0,

= =0 ((1 — )+ ¢Z—f> 1= ((1 —6)+ ¢p”) (f')"
s (<1 _¢) +¢@> (r+20) + (1=9) (eB); + o)y

a’py

32(1 —ct)f sin®y = 0,
apf

o F o o n - pa(r+ )

(pﬁ) ﬁ—anf 2(1—c sin? =
+ )y (( ¢)+¢(pﬁ) )azpf apr il=ehf ] 0

Now finally the dimensionless form of (3.2) is:

"

(=028 [ Dy (£ = (f) = (F +2f")) +ADob = M f'sin?y] = 0,
To convert the energy equation (3.3) into an ordinary differential equation,

we first calculate the following derivative [45]:

T-T,

6 _ o

= T=Ty+(Ty—Tx)0
bx

T =T,

~ + (1 —ct)?

8_T B b

or  (1—ct)?

8_T B bx p a

oy (1 —ct)? (1—ct)

9*T abx y

ar_o bz 0
ot ot \(1—ct)2 )’

_ 2bcx 0+ bry 92 a
S (I—et)? (L—ct)2” ot\ vp(1 — ct)y’
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2bcx bexy
0+ -0
(1 — Ct) 1 — ct 2
bex
20
(1 —ct)? ( + \/ (1—ct )

Lo
or  dz \(1—ct)2" )’

W
(1 —ct)?

or
° 0
8y y(l—ct
bx 2
l—ct 6 l/fl—ct
1—ct \/ 1—ct

o0*T 9, a
d Yyl
2 1—ct \/ 1—ct dy vi(l —ct)

B abx
ve(l— ct)
:unf
14 Vng = Pnf,
1w
Ung Mnf7
Vi _ Vibus
Unf Hnf ’ )
11— 9oy + 00, (1 — )25
2.5 Mf 7
ve(l —¢)~ P
LRI, )
1223 - P
1— .
_ pn(1—9) Pip..
PriLf
= Di(1 - ¢)**.
o Vi _ ” (PCyp)ny
Oénf knf
_ (pC )nf
"I Daky

= Dgy,inf [( =) (pCp) s + ¢(pcp)p} :

_ (PCy)yp
= 5o (1= )+ oo .

PTDQ
D3
Hence dimensionless form of (3.3) becomes:
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aT oT ar bcx Y a
TEoa T o Zy O
o +u— +v )3<9+29 yf(l—ct)>

ot Ox dy (1—ect

* (16193@) ((1 Eit)?) I- ( (1a—yfct)f> ((fec/t)?\/ uf(1a— ct)) ’

= a—T+ua—T—|—va—T: br [c(

ot oz dy (1 —ct)3
Similarly R.H.S of (3.3), can be formulated as

20 + ge) af— afe/] (3.7)

abxanfﬁ” 4 axkyf
vi(l=ct)®  avyp(pCplap(l — ct)

[A(Tw — T f + B(T - TOO)} (3.8)

From (3.7) and (3.8) we get:
_ )2
. abxo, s |:0N knf(Tw — Too) (Af + B6) (1—ct)’vy ]
vi(l—ct)? TVnf ban s (pCp)n g
bx n . / /

acny [ (1 —ct)?bxkns , vy
%y Af +Bo)— T
Ty [9 " w(l—ct)Qan( I e)banf(PCp)nf
—c(204+30) +a(f0-10).
" knf / Vf Vf C 77 / / /
= 0 s B = T [a( 0+20)+0f —0'f],

c

o 0 4 (AF 1 By PG v [
, g (PCplnfUns  Cns
= 0 +2L(Af +BO) = 2L [-(29+ﬁ9’)+9f’ —e’f} ,
Uny Qnp La 2
" ’ prD ’ / ’
= 0"+ Di(1 - ¢)**(Af + BY) + == [fe —f9—3(29+ge)] — 0.
3
The procedure of converting boundary conditions into dimensionless form

(2e+ge’) rof —e’f} ,

a

has been discussed below:
ax
=Uy(z,t) = —, t =0
e u (x,t) T a Yy

f'(),
ar ar
1—ctf(77): 1—ct’

= f()=1 at n=0

bx
T=T,=Tw+ —, t =0
° +(1—ct)2 a Y

azx
1—ct

u =

0(n) = ——>
(T’) Tw _TOO’
bx
T—The=——,
= (1 —ct)?
= 0 (Tw —Tx) =T - Tx,
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bx

> 00 (T = T) = o

o v=y,(t)=- 1a_yftfw, at  y=0
o avy
_ | 7
= T ) i fw,

= f(n):fwa at n=20

T —T.
9 — [e.9] [e.9]
= 6(n)=0 a y=o0

Finally, the following ordinary differential equations is obtained:

"+ (L= 0P [ Diff = (F)2 = s(f + 3F7) + ADaf = M sin’ 5| = 0. (3.9)

PrD2

0" + Di(1— ¢)*°(Af + BO) + 5
3

Ud—f@—qw+gdﬂzo, (3.10)

with the boundary conditions:

=1 f=fu, 0=1 at n=0,

/ (3.11)
f =0, 6=0, at n — oo.

The following expression refers to different parameters used in the above equations

[40]:

B2
p = (pcp)fo7 M= 2By
ky apy
c gb(pB);
S - a, )\ — an .
f
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Here, M is the magnetic field parameter, P, is the prandtl number, S is the
unsteadiness parameter and A is the buoyancy or convection parameter. Also,
A > 0 and A < 0 correspond to assisting and opposing flow while A = 0 is for
forced convection flow situation.

Dy, Dy and D3 are constants given by:

3.5 Thermophysical Properties of Nanofluid

The heat capacity of the nanofluid C), , electrical conductivity o, ¢, density of the
nanofluid p, s, thermal diffusivity «,,; and the thermal expansion coefficient 3 are

presented as follows, respectively [40]

pnp = (1= ®)ps + dpp, ong = (1= @)oy + doy,
knf
Conr = (1 — C, Cyp)ps nf = ,
(p p) f ( qb)(p )f + ¢(p ) Qnf (pcp)nf
(PB)ng = (L= ¢)(pB) s + &(pB)p:
" L b
= =P =

3.6 Solution Methodology

To find the numerical solution (3.9) and (3.10) equations are first converted into
first order differential equations with corresponding boundary conditions and can
be solution obtained by shooting technique. We must choose a suitably finite value
of i in this method. Two convert (3.9) and (3.10) into system of first order ODE’s
the following notations are opted:

111

f:yh f, :ylla f :yév 92947 Hll:y,&
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Further denote

"

f=v, w=vs Yo=v3 [ =ys O=ws, Y=y 0 =y

As consequence of above notations the following system of ODE;s is acquired:

Y = 12, 1 (0) = fu, |
Yo = s, y2(0) = 1,
ys = —(1—¢)*° [Dl(ylyz — s — s(y2 + gy3))
+Dsyys — M sin® yys] | ys(0) =p, 3 (3.12)
Vi = Us, ya(0) =1,
Yy = —(1 — $)*° Dy (Ays + Byy) — szQ (Y195
—Y2ys — S(gy5 + 23/4)} ; y5(0) = g, )

In order to achieve approximate numerical results, (3.12) is solved by RK-4
method. The domain of our problem is considered to be bounded [0, 7s],

where 7)., is a positive number for which the variation in the behavior of flow is
negligible after n = 1. p and ¢ are assumed as missing conditions for the solution

of (3.12) such that:

Y2(Noo, ,q) =0
’ (3.13)

Ya(Noos 2, q) = 0.

To update the values of p and ¢, Newton’s iterative scheme has been used which
has the following formula:

-1

o Oy
Poti| _ |Pa| ;p ;q Y2(Nocs Prs Gn) =012 (3.14)
Gn+1 Gn S S Ya(Mos, P Gn)

(pnﬂ]n)
to start the iterative process, choose p = py, ¢ = qo.

To incorporate Newton’s method, we further use the following notations:
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o _ 9> _ 9s _ )
ap 6 ap 75 ap 8
Ova _ 95 _
ap 9, ap 105 5.15)
o _ Oy _ s _,
aq 11, 8(] 12, aq 13,
Oys _ 9ys _
g Y14, g Yis, )
Newton’s formula takes the following form after using the new notation:
-1
Prii| _ |Pn| Y7 Y12 Y2(7o0s P Gn) (3.16)
Gn-+1 n Yo Y Ya("oc, P n)
(Prsgn)

Differentiating equations (3.12), first w.r.t. p and then w.r.t. ¢, we get the

following ten first order ODEs along with the associated initial conditions.

Yo = Y7, y6(0) = 0,
y; = Ys, y7(0) =0

ys = —(1 — ¢)* [ Dy (11ys + ysys — 2y2y7

—s(yr + gyg)) + Dy)yg — M sin® 'yy7} , ys(0) =1,
Yo = Y10, Y9 (0) =0,
10 = —(1 — ¢)*° D1 (Ay; + Byy) — P;)l} (Y1910

+YsYs — Y2Y9 — Yayr — S (2y9 + gymﬂ : Y10(0) =0,
Yy = Y2, y11(0) =0,
Y12 = Y13, y12(0) = 0,

yl13 =—(1~- ¢)2'5 [D1(y1213 + Ysyi1 — 2y2Y12

—s(y12 + gyw)) + DyAy14 — M sin® 7y12} ) y13(0) =0,
Yia = Y15, 114(0) =0,
/ P.D
15 = —(1 — ¢)*°D1(Ayrs + Byna) — D 2 [y
3
n _
+ysy11 — Yoy1a — Yayi2 — S(2y14 + 5915)] ; y15(0) = 1.
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The iterative process is repeated until the criteria listed below are met:

max {|y2(Nocs P> @n) |, [Y1(Noos Pry )|} < €7

where £* is an arbitrarily small positive number. Here ¢* is taken as 10710,

3.7 Validation of Code

For validation of the numerical code Tables 3.2 and 3.3 have been presented and
the result are compared with the results of Brinkman model [50]. In Tables 3.2
and 3.3 shows, an excellent agreement between the compared results and those of
already published in the literature:

TABLE 3.2: Value of —f" (0) for various A, B, and ¢ with P, = 6.785, v = T
A=0.5and f, =S =M =0.1.

A B 0] Cu Current Cu Current Al,O3
-0.5 -0.5 0.05 1.13901 1.02053 1.15455 1.03772
-0.5 -0.5 0.15 1.26227 1.00119 1.27560 1.01758
-0.5 0.0 0.05 1.13772 1.01947 1.15364 1.03687
-0.5 0.0 0.15 1.26009 0.99979 1.27431 1.01655
-0.5 0.5 0.05 1.13637 1.01838 1.15294 1.03611
-0.5 0.5 0.15 1.25767 0.99834 1.27371 1.01566
0.0 -0.5 0.05 1.12971 1.01175 1.15015 1.03435
0.0 -0.5 0.15 1.25236 0.992261 1.27087 1.01443
0.0 0.0 0.05 1.12769 1.01013 1.14813 1.03272
0.0 0.0 0.15 1.24869 0.989996 1.26789 1.01258
0.0 0.5 0.05 1.12549 1.0084 1.14592 1.03098
0.0 05 0.15 1.24412 0.987451 1.26434 1.01053
0.5 -0.5 0.05 1.12028 1.00285 1.15269 1.03734
0.5 -0.5 0.15 1.24223 0.983153 1.27236 1.01676
0.5 0.0 0.05 1.11753 1.00065 1.15097 1.03595
0.5 0.0 0.15 1.23698 0.979972 1.26990 1.01520
0.5 0.5 0.05 1.11447 0.998258 1.14910 1.03448
0.5 0.5 0.15 1.23015 0.97628 1.26705 1.01351

3.8 Results and Discussion

This section contains the numerical results have been displayed in graphical format.
For numerical calculations, different physical properties of water, copper C'u and
alumina Al,Os are considered. The effects of various parameters such as nanopar-
ticles volume fraction ¢, Prandtal number P,, chemical reaction ~, Magnetic pa-

rameter M, unsteadiness parameter .S, bouyancy or convection parameter A\, on



IMF and NU Heat source/sink 32

TABLE 3.3: Value of —6'(0) for various A, B, and ¢ with P, = 6.785, v = T
A=05,and f,, =S=M =0.1

A B 10) Cu Al;O3 Current Cu Current Al,O;

-0.5 -0.5 0.05 3.47169 3.45288 2.59682 2.56815
-0.5 -0.5 0.15 2.84113 2.78241 2.26934 2.19463
-0.5 0.0 0.056 3.37271 3.37184 2.48062 2.47153
-0.5 0.0 0.15 2.69323 2.68589 2.10664 2.08563
-0.5 0.5 0.05 3.27066  3.2888 2.36431 2.37408
-0.5 0.5 0.15 2.53558 2.5857 1.94786 1.97532
0.0 -0.5 0.05 3.27349 3.2836 3.20272 3.21015
0.0 -0.5 0.15 2.5905 2.54533 2.71891 2.72300
0.0 0.0 0.056 3.16522 3.19592 3.09143 3.12003
0.0 0.0 0.15 2.42212 249284 2.55864 2.62108
0.0 0.5 0.05 3.05233 3.10533 2.97520 3.02681
0.0 05 0.15 223725 2.38041 2.38441 2.51424
0.5 -0.5 0.06 3.07389 3.1132 3.81307 3.83940
0.5 -0.5 0.15 2.33646 2.41486 3.19729 3.24948
0.5 0.0 0.05 295612 3.01872 3.72156 3.76518
0.5 00 0.15 214762 2.29781 3.06671 3.16601
0.5 0.5 0.05 283218 2.92044 3.62723 3.68918
0.5 0.5 0.15 1.93409 2.17266 2.92889 3.07979

velocity and temperature have been analyzed.

FIGURE 3.2 and 3.3 show how different types of nanofluids behave in terms of
velocity and temperature. It has been noted that the thickness of both the mo-
mentum and thermal boundary layers changes as the type of nanoparticle changes.
Ag-water nanofluid shows the lower velocity than other nanofluids while titanium
dioxide nanofluid shows the lowest temperature profile.

In FIGURE 3.4, 3.5, 3.6 and 3.7 the effect of magnetic field parameterM on
the temperature profile and velocity profile for the copper water and Alumina
water of the nanofluid can be seen. It has been noted that when the magnetic pa-
rameter M is increased, the velocity profile in the boundary layer decreases and
the temperature profile increases by increasing the magnetic parameter M. This
is due to the Lorentz force, which is created when a transverse magnetic field
is applied to an electrically conducting fluid. This force slows down the motion
of the fluid and increases the temperature.

FIGURE 3.8, 3.9, 3.10 and 3.11 depict the influence of suction/injection param-

eter on velocity distribution f(x) and temperature distribution 6(n), for both
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cases of Cu-water and Al,Osz-water. It has been noted that by increasing the suc-
tion parameter f,,, the velocity and temperature distribution are reduced. On the
other hand, figures exhibits the opposite behavior for f,, < 0 (injection). Increase
in f, leads to speeding up and cooling down of the fluid flow. As an output the
decreases in heat flux is seen in boundary layer domain.

FIGURE 3.12, 3.13, 3.14, 3.15, 3.16, 3.17, 3.18 and 3.19 show how different values
of heat generation source (A >0 and B > 0) and heat absorption sink (A < 0)
and (B < 0) affect nanofluid velocity and temperature distribution across the
boundary layer. The heat source increases the boundary layer thickness. On
the other hand the opposite result occurs with heat sink as shown Figures 3.12,
3.13 and 3.16, 3.17. The pure fluid’s velocity is higher than Cu-water’s velocity,
whereas the opposite results occur for AlyOs-water. Furthermore, it is obvious
from Figures 3.14, 3.15 and 3.18, 3.19 that the thermal boundary layer decreases
for (A < 0and B < 0), The interior heat sink can be used to successfully cool the
regime physically. The heat sources A > 0 and B > 0, on the other hand, show
the reverse pattern. It’s worth noting that in the nanofluid scenario, the impacts
of heat source/sink parameters (A and B) on the velocity and temperature pro-
file are stronger than in the pure fluid case.

FIGURE 3.20, 3.21, 3.22 and 3.23 the effect of the convection parameter \ on
the velocity and temperature profile of copper water and Alumina water is dis-
cussed. Convection is the mechanism of heat transfer through a fluid in the pres-
ence of bulk of fluid motion. In the case of forced convection the fluid is forced
to flow over a surface. Due to this reason it is observed that the thickness of ve-
locity profile of the hydrodynamic boundary layer increase when the convection
parameter \ is increased.

FIGURE 3.24, 3.25, 3.26 and 3.27 demonstrate the magnetic field inclination an-
gle v on the velocity distributions. It is obvious that increasing the inclination
angle v decreases the velocity profile and increases the temperature profile of
the nanofluids. The reason for this is that as the angle of inclination increases,
the magnetic field becomes stronger. Because of the stronger magnetic fields, It
creates a force that opposes the flow (Lorentz force). The thickness of the mo-

mentum boundary layer is reduced as a result of this force. Due to the fact that
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M is directly proportional to the sin 2y hence for v = 0 has no consequence on

velocity while magnetic field effects when v = 90°

1
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FiGURE 3.2: Velocity profile for different types of nanofluids
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FIGURE 3.3: Temperature profile for different types of nanofluids
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FiGURE 3.5: Effects of M on velocity profile for Alumina-water
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FIGURE 3.6: Effects of M on temperature profile for Cu-water
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FiGURE 3.7: Effects of M on temperature distribution for AloOs-water
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FiGURE 3.12: Effects of A on velocity distribution for Cu-water
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FiGURE 3.13: Effects of A on velocity distribution for AlsOs-water
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FIGURE 3.14: Effects of A on temperature distribution for Cu-water
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FiGURE 3.15: Effects of A on temperature distribution for AlsOs-water
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FIGURE 3.16: Effects of B on velocity distribution for Cu-water
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FiGure 3.17: Effects of B on velocity distribution for AlsOs-water
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FiGURE 3.18: Effects of B on temperature distribution for Cu-water
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FiGURE 3.19: Effects of B on temperature distribution for AloOs-water
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FiGURE 3.21: Effects of A on velocity distribution for AloOs-water
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FiGURE 3.23: Effects of A on temperature distribution for AlsOs-water
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F1cURE 3.25: Effects of v on velocity profile for AloOs-water
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FIGURE 3.26: Effects of v on temperature distribution for Cu-water
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FiGURE 3.27: Effects of 7 on temperature for AloOs-water



Chapter 4

Unsteady Nanofluids Flow
through Joule Heating, Thermal
Radiation and Porous Medium in

the Presence of Magnetic Field

4.1 Introduction

In this chapter, the work of Elgazery [40] is extended by considering nanoflu-
ids flow over a permeable unsteady stretching surface with non-uniform heat
source/sink in the presence of inclined magnetic field over porous medium, vis-
cous dissipation and Joule heating. The non-linear partial differential equations
of velocity and temperature profiles are transformed into a set of ordinary dif-
ferential equations utilizing suitable similarity transformations. By performing
the shooting technique, the numerical solution of transformed governing ordinary
differential equations is obtained. Utilizing MATLAB tool, the temperature are
analyzed for pertinent variables. Through graphs the dynamics of various vari-
ables of suction parameter, stretching parameter, species diffusivity coefficient and

chemical reaction parameter are displayed.

47
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4.2 Mathematical Modeling

Consider an unsteady, two-dimensional stretched surface with a non-uniform heat
source/sink, viscous dissipation, and Joule heating in the presence of an inclined

magnetic field over a porous medium. The surface velocity has been represented by

ar
Up(z,t) = T

The basic mathematical model describing the flow has been shown, which contains

the PDEs of continuity equation, momentum, and energy transfer.

By

| T

y

F1GURE 4.1: The physical model and coordinate system

Continuity Equation:

ou o _,
or Oy

Momentum Equation:

L fing

0 0 0 s 0 n n
Pnf

_+u_ vV— =
ot 0z Oy puy OY? Pnf Prf

u

(4.1)

(4.2)
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Energy Equation:

"

ot Ox dy " 8y2 (pCP)nf (pop)nf y (4 3)
1 8%“ Onf .

2.2 ;2
Byu” sin® vy

- (pCp)Nf ( dy (POp)Nf

The boundary conditions for the above equations are:

ax )
U= uy(z,t) = T
v=0(t) = [T o
- > (4.4)
T =Tyay =Tx + m, at y=0,
u=0, T =T, as Yy —oo

Here, u and v are components of velocity in the direction of x and y respectively,
t is the time, the fluid parameter is T, the fluid density is p, the fluid kinematic
viscosity is v, the fluid thermal diffusivity is « and the specific heat is C,,.

Following similarity transformations are used to convert the energy equation (4.2)

and concentration equation (4.3) into dimensionless form

n= ﬁy, U(z,y,t) = 1%}fctl’f(77),
T T, B 8_@D B a /
0(n) = T, — T U= By (1 ct)xf (),
0
U= _a_f = - %f@?)»

The detailed conversion of continuity equation (4.1) is already discussed in chapter
3. The conversion of (4.2) is presented below.To achieve this goal first of L.H.S of

(4.2) is transformed as follows:

ou Ou  Ou acxf acxy a . a’x o ra? "
o o oy T e Tan e\ Taard ) Tt

ou ou ou xa ;oocen o "
- - — = — — . 4.
8t+u8x+v<9y e [cf~|—2f +a(f') —aff (4.5)

The R.H.S of (4.2) is formulated as:
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n 82 n n Hnf 1 n 2 "
Pnf 8@} Pnf Pnf Pnf K pnf Uf(l - Ct)

(pﬁ)nf Onf 9 . 2 ax 1 Hnf 1 ax /
+g——=0(T — Ty,) — —Bgsin“~ f - — f,
P ( ) pus " (L—=ct)”  poy K(1=ct)

2 " n b n B2 ’
= =t 2Ty (£B)ny _bg 50— T sin? o f
oy 1 ax f '
Pnf K (1 - Ct)

Combining (4.5) and (4.6) we get
2
e [ Enf 4+ (PB)ns g — Ong " B2(1 — ct) f sin 7}

(1- Ctl) PrfUf Py s
_ Hng ar ax [ [ na H]
puy K (1 —ct)f (1 —ct)? ef + 2"f +alf)” —aff |,
—pn ! " pn 1% Mn 1_Ct ’
N ff[s(f+_f)+(f)2_ff}+ 1V Hng ( )f
="+ =2 (pﬁ)nf Lgbo — Infls L B2(1 — et) f sin? 4,
a? i, s Qfln g

N f/// + ( ¢)2.5 |:((1 - ¢)p/j + ¢pp) U ff” ((1 B (b)pf + (pr) Uy (f’)2

!
(A =9)ps + o) vy (f/ N gf> L (A= 9)(pB)s + ¢(pﬂ) ) gbuy

1 " 1 g
— ;. —ct
— (( ¢)Z]I;:_ ¢0p) /Uf Bg(]_ _ Ct)f Sln2 ,y:| _ I/f(aK c >f — 0’

S (g [((1—¢>+¢§ )ff”— (( ¢>+¢”p)<f’>2
<f/+ﬂf~> L@ —¢)(pﬁ)f+¢(pﬁ))

a’py
=0,

- ((1—¢>+¢@) s

On, 2 v (1 Ct)
_a,p;B (1 —Ct)f sin ’)/:| — m
= [T = 0P |Diff = Di(f)? - Dis (f’ + 51" ) + () (1= 9)

(:Oﬂ)p> gb  Onr 9 . in2 } I
+¢(pﬁ) anfeapr 2(1 —ct)f sin?y f 0,
= ST =02 Dy (ff = () = s () + AD

—M f' sin? ”y]—df’:O

The necessary step to convert the energy equation (4.3) into dimensionless form are
as follows.The detailed conversion of L.H.S of energy equation is already discussed

in Chapter 3.
oT oT oT bx

n . / ’
o Fiar T, <l_ct)3[c(20+20)+a(f6 0.
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Furthermore, the R.H.S of (4.3) have been transformed into dimensionless form as
shown below. The Rosseland approximation can be considered for radiative heat
flux. Using Taylor series, we might expand the temperature difference T about
T, for smaller values of temperature constant. The formula for radiative heat

flux is as follows:
4o* OT*
3k* Oy’
T =4T3T — 3T2,

qr =

= T =T+ (T, —Tx)b,

= T*=4AT3 [T + (T — Too)0] — 374,

4
o1 _ AT3 (T — )0 | —
oy vi(l —ct)

4o0*

= ——AT3 0 [ ———— (T, — Tio),
¢ 3k \vp(1 - ct)( )
. 160% . .
dq _ 0* T3 L(TW—TOO),
dy 3k vi(l—ct)
ou a’x? "

(6_y)2 = m(f ).

Now considering the R.H.S of (4.3):

2T " . 8 1 a . " B2 2

oznfa2+ d + Fnf —u2+— a Ing 20t sin? vy
dy (PCP)nf (pcp)nf y (pOp>Nf dy (Pcp)nf
apgabr azkng

(=) a1 = ) (pCy)ny [A(Ty = Too) f + B(T — Ti)]

1 a*x? g o @PTP0npB L, L 160 abz TS
—2 ' - =0 .
+(p0p)nf Lf(l — ct)? (7 (1 — ct)? (F) siny 3k ve(l — ct)?

Combining L.H.S and R.H.S of energy equation (4.3) we get:

bx n,, , N1 abragy L be(1 = ct)kyy ,
(1—ct)? [0(29 * 59 )+ alfo—=19 )} (1= ct)duy [ z(1 — ct) vy (4]
+B0) banf(l,/;cp)nf] + (pcp)n;ﬁ g [anfBSax(l —ct)(f)?sin? v
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+ppa’a(f)? — ;ZSZTSJ] :
= a”_; [2(29 +96)+ 0~ o] =0+ anai?(”:fcp)nf (Af + Bo)
+m [MGQiCPff/ sin®y + azps(f7)? - ;ZSZTEOV} ,
E o (o o) 0 0] =+ AL (47 )
o [y O U s |

= 0"+ Di(1—¢)**(Af + BO) + PE)? [ﬂ)/ —fo-s (29 * geﬂ

Do ey, ((1 )+ o0

+PrD2 g$<)06)f (M(f/)QSiHQ’y—i- (f”)2)
(pcp)f)

- 160*T3 5
C
3y (nCy) (01— 0) + o

=0,

P.D,
D

= 0"+ Di(1-¢)* (Af + B0) + 10 0= (2 geﬂ

3

PTDQ 160-*T030 ”

A (s () = TR g 0,

D, MpCy);Ds

_|_

" / PTD / / ’
= 0"+ Di(1 = 0)* (Af + BO) + =5~ [fe —f9—5(29+ge)]
P, gx(pp)s Ny . 2 "o P. 160*T2
Ir _ o % 9" —
FD NGy MU Y] = g =0
PTD2

= 0+ Di(1 - 9> (Af + BO) + =5 [f@'—f’9—3(20+g0/)]

3
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P gx(pB)s No " AR v
+33)\(p0p)f [M(f V2sin?y + (f )2] — 3_1739 =0,

P.D,

= 0"+ Di(1—¢)*° (Af + BO) + [fe’ —Fo—s(20+ ge’)]

G/ngP pr (p/B)f / " 4R "
~ - M(f)?sin?~ + 2l - —9 =0,
@Dygpy(pB); UV = 5p
4R " ’ PTDQ / /

1 PE. . ,
—3(29+ge)}+ B M sin®y + ()] =0,

Different parameters used in the above equations have the following formulation:

n_ 40*T§’o‘
k k.,
. o bg(fﬁ)f_
aspy
2 2,:2(1 — of)2
[ J EC — v , = — a~x ( C ) =
(Cp)f(ng - TOO) bx(Cp)f(l - Ct)
a‘xr T
= Ec == ) = _Ec -
b(Cyp)s a? (Cp)s
° D = a/—kl7 = l — d’
Vf D
1— K
o Dy = (—gt)kl, =>=—, where K = k(1 — ct).
T T

The detailed procedure for the conversion of boundary conditions into the
dimensionless form is similar to that discussed in chapter 3.

The model’s final dimensionless form is:

4 0= ) Dy (ff = (F)? = s(F +547)) + ADao

(4.7)
_Mf'sin2”y} —df/ =0.
AR 5 (Af S22 g - f
(1—3_1)3)9 +Di(1= )" (Af + BO) + 5= |16~ 0 (48)

PE,
Dy

—s(20 + QQ/)} +

: (M) sin+ (1] = 0.
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The transformed boundary conditions are stated below:

=1 f=fu 0=1 a n=0,
/ (4.9)
f =0, 6=0, at n — 00

4.3 Solution Methodology

This section is focused on the implementation of the shooting method to solve the
transformed ODEs (4.7) and (4.8) depending on the boundary conditions (4.9).
For this purpose, we first convert the system of ODEs into first order ODEs, by

using the following notations:

’

f=u, =y,

"

= Vs, 9:y47 7 =Ys,

Further denote

"

F=v, =%, Yo=us, f =95 O0=1s, yy=us, 0 =us

Using the notations, (4.7) and (4.8) can be converted into system of following five

first order ordinary differential equations:

Y = V2, 11(0) = o |
Yo = Vs, y2(0) = 1,
ys = —(1—¢)*° [Dl <y1y3 — 5 — s(y2 + gy:a)) + Dy)ys

—M sin® yyo| — dys, y3(0) = p,
Vi = Vs, ya(0) =1,
Yy = (31)?%%) {—(1 — ¢)*°Dy(Ayz + Bys) — % (195

—Y2Ya — S(g% + 294)> - Plr)fc (Myg sin® y + y?z,) ) ys(0) = q,)

The RK-4 method will be used to solve the above initial value problem. To obtain
an approximate result, problem’s domain has been defined as [0, 7] instead of

[0, 0], where 74, is an appropriate positive real number that is finite. In the
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equations listed above, the missing conditions p and ¢ are to be chosen such that

Y2(Nso, 0, q) =0
2 ) (4.10)

Y1(Noo, ,q) = 0.

To solve the above algebraic equations, the Newton’s method is used which is

governed by the following iterative scheme:

past| |pa| |32 B2 Y2(Nocs Pn» Gn) (411)
Gnt1 n o 90 (o) Y4(Noos Pn» @n)
Now use the following notations:

o _ 0> _ 9s _ )

ap 6 ap 75 ap 8

Oya _ 95 _

8]3 9 ap 10, (4 12)

o _ 9> _ %s _

8(] 11, 8(] 12, aq 13,

aq 14, aq 15, )

As a result of these new notations, the Newton’s iterative scheme gets the form

with (p, q) = (o, qo):

-1

Post| _ |Pn| _ |¥r Y12 Y2(Moos Prs Gn) (4.13)

Gn+1 Gn Yo Y14 Ya (77007 DPn, Qn)
(pn#]n)

Now differentiate the above system of five first order ODEs with respect to each
of the variables p and ¢ to have another system of ten ODEs. Writing all these

ten ordinary differential equations together, we have the following IVP:

Yo = U1, y6(0) = 0,
Z//7 =Us, 3/7(0) =0,
yé =—(1- ¢)2'5 [D1(v1ys + YsYs — 2y2y7

—s(y7 + gys)) + Doy — M sin® yyz | + dy, ys(0) =1,
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y;; = Y10, y9(0) = 0,
, 3D5 o5
= (=2 ) [~(1 - $)**Dy(Ays + B
Y10 <3D3—4R) [—(1 = ¢)** Dy (Ay7 + Byo)
P.D,
-5 (y1Y10 + YsYs — Yolo — Yalr
3
PrEc .

—5(2y9 + gym)) D, (2Myay7 sin® y + 2ysys) | , 110(0) = 0,
ylll = 2, yll(o) =\,
3/12 = Y13, 112(0) = 0,
y/13 =—(1- ¢)2'5[D1(3/1913 + ysy11 — 2y2y12 — S(y12 + gyw))

+ DoAyrs — M sin® yyia] + dyso, y13(0) = 0,
y/14 = Y15, 914(0) = Y,

, 3D; ’s
= —————— | |[—(1=0)*°D{(A B
Yis <3D3—4R) [ ( P) 1(Ayr2 + Byra)
P.D
- = (3/1?/15 + Ysy11 — Yay14 — Yayi2 — S(2y14 + ﬂ?Jm))
Ds P
P.E. )
— (2Myay12 sin® v + 2ysy13) | y15(0) = 1.
D
3

The RK-4 method is used to solve the above system of fifteen equations with initial
guesses p and g. The missing conditions p and ¢ are updated by using Newton’s

scheme. The iterative procedure is stopped when the following condition is met:

max {|y2 (1o, Prs )]s [Y4 (Moo, Prs @n) |} < £F

where £* is an arbitrarily small positive number. Here ¢* is taken as 10719,

4.4 Representation of Graphs and Tables

A thorough discussion on the graphs and tables has been conducted which con-
tains the impact of velocity and temperature distribution. The impact of different
factors like thermal radiation R, Prandtle number P,, Casson parameter  and
Eckert number E,. is observed graphically. Numerical results of the skin friction

coefficient and Nusselt number for the distinct values of some fixed parameters are
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shown in Table 4.1 and 4.2.

TABLE 4.1: Value of —f”(O) for various A, B, and ¢ with v = g,)\ = 0.5,
P, =6.785, M =S = f, =0.1,d = 0.1, E. = 0.3 and R = 0.

A B ¢ Cu Al203
-0.5 -0.5 0.05 1.33780 1.20980
-0.5 -0.5 0.15 1.95248 1.57769
-0.5 0.0 0.05 1.33457 1.20707
-0.5 0.0 0.15 1.94702 1.57397
0.5 0.5 0.05 1.33113 1.20418
-0.5 0.5 0.15 1.93645 1.56997
0.0 -0.5 0.05 1.34134 3.26667
0.0 -0.5 0.15 1.14266 1.21456
0.0 0.0 0.05 1.33810 1.21193
0.0 0.0 0.15 1.94735 1.57740
0.0 0.5 0.05 1.33449 1.20909
0.0 0.5 0.15 2.02049 1.57326
0.5 -0.5 0.06 2.84204 1.22255
0.5 -0.5 0.15 1.95959 1.58886
0.5 0.0 0.05 1.34638 1.22060
0.5 0.0 0.15 1.95522 1.58611
0.5 0.5 0.05 1.88916 1.21852
0.5 05 0.15 1.95017 1.58309

4.5 Results and Discussion

Graphs are used to display the numerical results. In this section for numerical
calculation physical properties of copper and alumina are considered. The compu-
tations for various values of volume fraction ¢, the Prandtl number P,, chemical
reaction v, Eckert number E., Magnetic parameter M are performed, and hence
the effect of these parameters on heat transfer are discussed.

FIGURE 4.2 and 4.3 explain how different types of nanofluids behave in terms
of velocity and temperature profiles. Thermal boundary layer thickness and mo-
mentum are observed to alter as the type of nanoparticle changes. It is observed
that the lower velocity is attained for Ag-water fluid while the highest velocity
profile can be seen for alumina oxide.

In the FIGURE 4.4, 4.5, 4.6 and 4.7 the velocity profile and temperature profile
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TABLE 4.2: Value of —0/(0) for various A, B, and ¢ with v = %,)\ = 0.5,
P, =6.785, M =S = f, =0.1,d = 0.1, E. = 0.3 and R = 0.

A B ¢ Cu Aleg
-0.5 -0.5 0.05 216355 2.21572
-0.5 -0.5 0.15 2.46836 2.51924
-0.5 0.0 0.05 1.96346 2.05386
-0.5 0.0 0.15 2.11019 2.29231
-0.5 0.5 0.05 1.75225 1.88450
-0.5 0.5 0.15 235127 2.05172
0.0 -0.5 0.05 3.18932 3.26666
0.0 -0.5 0.15 3.13890 3.60544
0.0 0.0 0.05 3.03071 3.13986
0.0 00 0.15 3.17388 3.42430
0.0 05 0.05 2.86349 3.00769
0.0 05 0.15 1.38608 3.23280
0.5 -0.5 0.05 2.89283 4.16635
0.5 -0.5 0.15 4.37272 4.55925
0.5 0.0 0.05 3.95651 4.06780
0.5 00 0.15 4.14634 4.41811
0.5 0.5 0.05 3.18719 3.96663
0.5 05 0.15 3.90661 4.27199

for the copper water and alumina water are depicted for different values of M,
when S =d=f, =01, A=B=X=0.5 and FE, = 0.3. It has been noted
that with the increase of M the velocity boundary layer thickness decreases and

temperature profile increases.

FIGURE 4.8, 4.9, 4.10 and 4.11 depict the dimensionless velocity and temper-
ature profile for various values of suction parameter f,, when S = M = d =
0.1, A=B=X=05 and E. = 0.3. It can be seen that with the increase
of suction parameter f,, of the fluid, velocity profile and temperature profile de-
creases. The physical reason for fact that told fluid particles are injected into the
micro-porous channel while the fluid particles that are heated on the hot wall of
the micro-porous channel are removed out. This decreases the temperature by

weakening the convection which results to a decrease in velocity.
FIGURE 4.12, 4.13, 4.14, 4.15, 4.16, 4.17, 4.18 and 4.19 present the impact of the

various value of heat generation source (A >0 and B > 0) and heat absorption

sink (A <0 and B < 0) on the velocity and temperature distribution when
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S=M=d=0.1, AX=0.5 and FE. = 0.3. An increase in heat source results
the increase in velocity and temperature profile. Figures 4.12,4.13,4.16 and 4.17
depicts that velocity profile increases with the increases in heat source parameter
A for all the nanofluids.

FIGURE 4.20, 4.21, 4.22 and 4.23 demonstrates the velocity and temperature
behaviors in both situations of copper and Alumina water for various values of A
when S=M=d=f,=0.1, A=B =05 and E.=0.3. It is noted that when
convection parameter is increased for both nanofluids whereas temperature profile
is decreased. This is due to the fact that heat transfer through a fluid increases
the fluid motion.

FIGURE 4.24, 4.25, 4.26 and 4.27 are delineating the impact of the magnetic
field inclination angle ~, while other parameters are fixed for both C'u-water and
AlyO3 water. Figures 4.24 and 4.25 disposes the consequence of the magnetic field
inclination angle v on the velocity profiles. It is self-evident that increasing the
angle of inclination v decreases the velocity profile. The reason for this is that
as the angle of inclination increases, the magnetic field becomes stronger. From
these figures the fact that an opposing force is generated by the magnetic field,
generally referred as the Lorentz force, which opposes the motion of the fluid re-
sulting a decrements in the momentum boundary layer thickness and increment
in the thermal and boundary layer thickness.

FIGURE 4.28, 4.29, 4.30 and 4.31 are sketched to show the impact of perme-
ability parameter d on the velocity and temperature distributions when S = M =
fu=01, A=B=X=0.5 and FE.=0.3. It is obvious that presence of porous
medium causes higher restriction to fluid flow which causes the fluid decelerate.
The effect of increases value of permeability parameter contributes to thickness of
thermal boundary layer which is shown in figure 4.30.

In FIGURE 4.32, 4.33, 4.34 and 4.35 the effect of Eckert number E, on velocity
and temperature profile when S = M =d = f, =01 and A=B=X=0.5
are plotted. It can be seen that for larger values of the Eckert number intensifies
the momentum and thermal boundary layer thickness. Generally, the rising value
of E. encourage the diffusion of particle due to this cause we saw improvement in

momentum and thermal boundary layers.
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FIGURE 4.2: Velocity profile for different types of nanofluids
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FIGURE 4.3: Temperature profile for different types of nanofluids
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FIGURE 4.4: Effects of M on velocity distribution for Cu-water
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FI1GURE 4.5: Effects of M on velocity profile for AloOs-water
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FIGURE 4.7: Effects of M on temperature distribution for AloOs-water
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FIGURE 4.6: Effects of M on temperature profile for Cu-water
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FI1GURE 4.9: Effects of f,, on velocity distribution for AloOs-water
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FIGURE 4.8: Effects of f,, on velocity profile for Cu-water
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FIGURE 4.10: Effects of f,, on temperature distribution for Cu-water
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FIGURE 4.11: Effects of f,, on temperature distribution for AlsOs-water
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FIGURE 4.13: Effects of A on velocity distribution for AloOs-water

FIGURE 4.12: Effects of A on velocity distribution for Cu-water
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FIGURE 4.14: Effects of A on temperature distribution for Cu-water
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FIGURE 4.15: Effects of A on temperature distribution for AlsOs-water
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FIGURE 4.16: Effects of B on velocity distribution for Cu-water
1 I
S:M:d:fWZO.l ,A=X=0.5, EC:0.3 0538
0.8 l
—B=05 0536
—B=0.0 s
06- —B=05 057 0575 058 0585 |
04 .
02 \ -
0 | | | | T t 4
0 05 1 15 2 25 35 4 45 5
n
FIGURE 4.17: Effects of B on velocity distribution for AloOs-water
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FIGURE 4.18: Effects of B on temperature distribution for Cu-water
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FIGURE 4.19: Effects of B on temperature distribution for AlsOs-water
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FIGURE 4.20: Effects of A on velocity distribution for Cu-water
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FIGURE 4.21: Effects of A on velocity distribution for AloOs-water
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FIGURE 4.22: Effects of A on temperature distribution for Cu-water
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FI1GURE 4.23: Effects of A on temperature distribution for AlsOs-water
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FI1GURE 4.25: Effects of v on velocity profile for AloOs-water
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Chapter 5

Conclusion

In this research work, we first analyzed the two-dimensional, unsteady stretch-
ing surface with non-uniform heat source/sink in the presence of inclined mag-
netic field. The set of continuity equation, momentum and energy equations are
transformed into the dimensionless ODEs by an appropriate transformation. Nu-
merical solutions are obtained by using the shooting technique. The influence of
distinct physical parameters such as, Eckert number E., magnetic field parameter
M, Prandtl number P,, unsteadiness parameter S and buoyancy or convection
parameter A on the velocity profile and temperature profile are elaborated in the
graphical and tabular form. Some interesting findings have been listed below:
The magnetic field is strengthened by the inclined angle, which also reduces the
velocity profile of the flow and the local Nusselt number while improving the skin
friction coefficient.

At v = g the magnetic field acts like a transverse magnetic field.

The velocity and temperature of various types of nanofluids alter, implying that
nanofluids in the presence of a magnetic field and a heat source/sink are significant
in the cooling and heating processes.

For all forms of nanofluids, the heat transfer rate increases with the heat sink
A < 0and B < 0, but the opposite is true with the heat source A > 0 and B > 0.
For both pure fluid and nanofluids, increasing the suction parameter f, > 0 in-

creases the skin friction coefficient and local Nusselt number, whereas increasing

7
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the injection parameter f,, < 0 has the reverse effect.

In both pure fluid and nanofluids, increasing the unsteadiness parameter S in-
creases the skin friction coefficient and the local Nusselt number.

The skin friction coefficient decreases as the convection parameter \ is increased,
whereas the local Nusselt number has the reverse effect in both pure fluid and

nanofluid scenarios.
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